Abstract We consider nonnegatively curved 4-manifolds that admit effective isometric actions by nite groups and from that draw topological conclusions about the manifold. Our rst theorem shows that if the manifolds admits an isometric Zp Zp for p large enough that the manifold has Euler characteristic less than or equal to ve. Our second theorem requires no hypothesis on the structure of the group other then that it be large but it does require the manifold to be ?pinched, in which case we can then again conclude that the Euler characteristic is less than or equal to ve.
, this last example being due to Cheeger Ch] . Also, few topological obstructions to having positive or nonnegative sectional curvature are known (we will discuss this in more detail later). Our starting point is a theorem of Hsiang and Kleiner, which states that a positively curved 4-manifold admitting an e ective isometric S 1 action must be homeomorphic to S 4 or CP 2 . In this paper we examine what could be said if there is a nite group of isometries acting on a nonnegatively curved manifold, but not necessarily an entire circle acting on the manifold. Theorem 1. There exists a positive integer N such that if M is any compact 4-dimensional manifold with nonnegative sectional curvature and p is a prime with p > N such that Z p Z p acts on M isometrically and e ectively, then (M) 5.
The number N can in principle be calculated from the methods of the proof. For the proof of this theorem to work the number p must be a prime, although the theorem might be true without this assumption.
If we do not make any assumption about the structure of the group, we are able to prove a general theorem under the assumption of a xed pinching:
? 1991 Mathematical Subject Classi cation. Primary 53C20. Secondary 53C21 Theorem 2. For every > 0 there exists a positive integer N = N( ) such if M is any compact 4-dimensional manifold with 1 sec (M) > 0 and jIsom (M) j > N, then (M) 3.
Again, it is conceivable that the theorem is true in general for sec (M) 0, i.e. that N does not depend on , but the methods of our proof do not work in that situation. The main method in proving the above two theorems is to gain control over the number of xed points of the group action. These methods hold for groups and manifolds more general than the ones above, but only have topological implications in the above situations.
Theorem 3. There exists a positive integer, N, with the following property:
Suppose that M is any 4-dimensional Riemannian manifold with nonnegative sectional curvature and let G be a nite abelian subgroup of the isometry group of M. If for every prime p that divides the order of G it is the case that p > N, then G can act with at most 5 xed points. In particular, all of the xed points of G are isolated.
Theorem 4. There exists a positive integer, N, with the following property:
Suppose that M is any 4-dimensional Riemannian manifold with nonnegative sectional curvature and let G be a subgroup of the isometry group of M. If G contains a subgroup isomorphic to Z n Z n , with n > N, then G can act with at most 5 xed points. In particular, all of the xed points of G are isolated.
Notice that in theorem 3 we control only the number of isolated xed points and say nothing about the non-isolated ones, which would have to be embedded The proof makes use of a new metric invariant, the q-extent, introduced in GM], and an associated inequality . The motivation for this work comes from a long series of results that relate the geometry and topology of nonnegatively and positively curved manifolds.
Recent activity began with the result of Hsiang and Kleiner HK] . These last two results rely on the understanding of 4-manifolds due the the work of Friedman F], so the techniques do not work in higher dimensions. But a hypothesis common to both theorems is that the 4-manifold has some continuous symmetry. A natural question to ask at this point is what results if one assumes only that the symmetry group is nite. Working in that direction and using an idea from GM] the author proved theorems 3 and 4.
In the mean time Yang Y] showed that if M is a compact, positively curved 4-manifold admitting an e ective isometric Z p action for p su ciently large, then (M) 7 . Finally, using a trick from Y], the author showed theorem 1 to be true.
Background
To prove the theorems stated in the introduction we rst need to develop some (S n ), since a point in X is an orbit in S n , which is compact. Additionally, X can be considered to be isometrically imbedded in K(S n ), because, as noted above, these two metrics will be equal on any two orbits of the given group.
In several places we will need to consider metric spaces which are quotients of S 3 by a nite group. In general these spaces will not be Riemannian manifolds but nevertheless we will need to consider their geometry and to do that we need the following de nitions. The q-extent of X, xt q (X), is then de ned as the maximum of xt q on X q . It is easy to see that diam(X) = xt 2 (X) xt 3 (X) ::: 1 2 diam(X): Now we will consider a sample calculation which we will need later, namely, we will compute the q-extent of the interval a; b]. Suppose that we have q points x 1 ; :::; x q that actually achieve the q-extent of a; b]. Then we claim that some pair of these points must lie at opposite ends of a; b]. If not then we could construct a con guration that had a greater q-extent as follows. We may without loss of generality assume that for all i x i 6 = a. Then we can create a new con guration by replacing the smallest x i with a point at a. Then clearly the q-extent of this new con guration is larger then the q-extent of the original con guration, which is a contradiction. Therefore let us assume that x 1 = a and x 2 = b. Assume that G acts isometrically and e ectively on an n-dimensional Riemannian manifold M n . If p is a xed point of the action then we have the isotropy representation of G in the isometry group of the tangent space at p,
Since this action is e ective we may view G as acting isometrically on the unit sphere in the tangent space at p, S n p . If p is an isolated xed point, then G acts on S n p without xed points (otherwise G would
x an entire geodesic).
Next consider the situation where the xed point set of G contains at least q + 1 xed points p 0 ; :::; p q and M n has nonnegative curvature. M=G is not necessarily a Riemannian manifold but it is an Alexandrov space of curvature 0. Let p 0 ; :::; p q be the images of p 0 ; :::; p q under the quotient map. Connect p 0 ; :::; p q with geodesics and consider the sum of all the angles, P \, between the geodesics at the points p 0 ; :::; p q . We will estimate this sum in two ways to derive the desired inequality. On one hand we have q + 1 3 triangles formed by the geodesics, each with the sum of its angles . Thus X \ q + 1 3 On the other hand we may estimate the sum of the angles by estimating the sum at each point p i : At p i we have a space of directions, S n pi =G which is an Alexandrov space of curvature 1. The angle between two geodesics at p i is equal to the distance between their corresponding directions in the space of directions. Thus the sum of the angles at p i is the sum of all distances between q points in S n pi =G, which is q 2 xt q (S n pi =G). Therefore
Combining these two inequalities yields 1
The above argument is due to K. Grove and S. Markvorsen (see GM] for the statement of the inequality) and is the main tool of this paper. Observe that if the curvature of M n is positive then the sum of the angles in any triangle is greater than and so the above argument gives where k; l 0, (k; l) = 1. If the action has no xed points then k; l > 0. If k > 1 then the isotropy group at every point of the orbit z = 0 will be Z k . Similarly if l > 1 then the isotropy group of any point of the orbit w = 0 is Z l . Let X k;l denote the quotient space. If k; l > 0 then this space will be homeomorphic to a 2-sphere and have diameter 2 . X k;l will not be smooth at the points corresponding to orbits with isotropy (there will be at most 2). If k = l = 1 then we have the Hopf bration and so X 1;1 is isometric to a round sphere of diameter 2 . In HK] a distance non-decreasing map is constructed from X k;l to X 1;1 . This implies that xt q (X k;l ) xt q (X 1;1 ) = xt q (S 2 ( 1 2 )). But we know from GM] that xt 2q+1 (S n . This value can actually be attained by placing 3 points at one pole and 2 at the other. Therefore equality holds.
Lemma 5. Let (S 3 pi =G i ) 3 :
We will show that if G satis es the hypothesis of the theorem with N su ciently large then xt 5 (S 3 pi =G i ) < 3 , for each i, causing the violation of (3). This leads us to conclude that an action of the group described in the theorem cannot have 6 isolated xed points.
Since G i is abelian it lies in a maximal torus of SO(4). We then consider SO(4) as a group of 4 4 matrices lying in R Remarks: The hypothesis in theorem 1 concerning the primes dividing the order of the group is necessary. If we assume only that the order of the group is large then the group may not be Hausdor close to a circle that acts without xed points and it may not be Hausdor close to the entire torus. To see this consider Z 2 k embedded as a subgroup of a circle that wraps once around the torus in one direction and 2 k times in the other direction. The quotient of S 3 by this group does not have small enough 5-extent to violate (1).
A variation on this, to show that di culties arise for non-cyclic groups, is the group Z 2 Z k embedded in the torus in the obvious way. Again, the quotient of S H = G i \S 1 hgi . Then H is cyclic since it is a nite subgroup of a circle group and also has order n because the order of every element of Z n Z n is at most n (it is precisely this which allows us to omit the hypothesis that the xed points be isolated). Therefore we have at least n distinct coset representatives for G i =H. Write Proof: Choose a triangulation T of M that is preserved by the action of G. Let T n be the collection of n-dimensional simplices of the triangulation. The action of G on M induces an action of G on T which in turn induces an action on T n . This action decomposes T n into equivalence classes, namely, the orbits of the action. Let S = f 1 ; :::; k g be a set of representatives from this decomposition, consisting of exactly one simplex for each equivalence class. Then we can write
Since G is a p?group j S g2G g i j = p a for some a 0 and any given i. We claim that a > 0. If a = 0 for some i then G would stabilize a simplex and since G is nite this would imply that it xed a point of the simplex, contradicting the hypothesis that G acts xed point freely. Therefore p divides each term in the above sum and so divides the sum itself. Therefore, since (M) = P n i=1 jT n j it follows that pj (M) .
To complete the proof of theorem 1 it is tempting to let N = X ? F in The important fact that we need is the following theorem of Peters ( P] (iii) diam(M l ) converges to diam (M) .
(iv) For the injectivity radii we have that lim sup i (M l 
(v) If exp l denotes the exponential map of M l , exp that of (M,g) , and exp l = (F l ) exp l , then exp l converges to exp p uniformly on compact subsets of T p M and exp p is Lipschitz.
We now begin the proof the theorem 2, which is by contradiction. If the theorem were not true then there would exist a number such that for every N there would be a manifold (M N ; g N ) with 1 sec(M N ) > 0, jIsom(g N )j > N and (M N ) > 3. Therefore we have a sequence of manifolds f(M i ; g i )g. We claim that there exists d; ; V such that (M i ; g i ) 2 C(n; d; ; V ) for all i. It is clear that d and can be found because of the curvature bounds. Rather than nd V we look for a lower bound on the injectivity radius. For this we use the theorem, due to Klingenberg, that if the sectional curvature of a compact orientable even dimensional Riemannian manifold M n satis es 1 K > 0, then i (M) . Applying this theorem to the orientable double cover if necessary, we obtain that i(M i ) 2 under our assumptions. Therefore we may apply theorem 6 to extract a convergent subsequence of f(M i ; g i )g converging to a manifold (M; g) which is C 1;
, has 1 sec(g) > 0 and by hypothesis (M) > 3. By (ii) of theorem 6 we may assume that we have a single di erentiable manifold M with a sequence of metrics on it fg i g converging to g. Our plan is as follows: we will show that since the order of the isometry groups of the fg i g are going to in nity, that the isometry group of g is actually in nite. This will imply the existence of an isometric S 1 -action on (M; g) and we will then use that action to show that (M) 3, a contradiction. Therefore the N in the statement of the theorem must exist. We have a hinge with both sides of length inj(gi) 2 4 and an angle 2 . As a comparison space we use a round sphere of radius 1. A calculation shows that a hinge on this sphere with angle 2 and sides of length 4 has endpoints whose distance from each other is 3 (to see this convert the coordinates of the points into rectangular coordinates and calculate their dot product, which will be 1 2 i k , all of which are bounded away from each other since any two have at least one whole annuli between them. Arguing as above, there is a subseqence of fi k g for which the corresponding n subsequences all converge. Since these subsequences are all bounded away from each other they must converge to n di erent elements of Isom(g). Since n was arbitrary this shows that Isom(g) is an in nite group.
It follows from G being in nite that G must be a Lie group of dimension greater than 0, since the isometry group of a compact Riemannian manifold is compact. Therefore the limit manifold admits an isometric S . Using the notation in lemma 4, the isotropy represention at p (or q) is orthogonally equivalent to the action of k;l . But if k or l were greater then 1 then the circle would contain a cyclic subgroup Z k (or Z l ) whose represention at p would be reducible implying that p would not be an isolated xed point of the Z k action.
Therefore, since we know the action is e ective, the cyclic group would have a two-dimensional component containing p. But it would also x N, contradicting the generalized version of Fraenkel's theorem. Thus the representation at p or q is orthogonally equivalent to 1;1 . It then follows that S 1 is in fact a smooth submanifold which is totally geodesic at p and q. Therefore if the endpoint of in is p or q we may make a second variation argument to arrive at a contradiction, again by the generalized version of Frankel's theorem proved in Pn] . Therefore assume that the endpoint is at a point of S 1 other than p or q. Since the is action is orthogonally equivalent to 1;1 follows that points nearby p or q lie in the principle orbit of the action, in particular, part of the interior of near p does. If the isotropy group along was non-trivial anywhere, say at a point r then the action of that group would x p and r and move the segment of connecting them, and therefore there would be a broken geodesic connecting r and p, which is a contradiction. Therefore all of , hence all of S 1 lies in the principle orbit. A similiar argument shows that lies in the principle orbit.
Let X denote the union of the principle orbit and N and when passing to the quotient space X=S 1 we will put a bar over the name of a set. In HK] , and the endpoint of is again a point on the interior of . A second variation argument then gives a contradiction. Therefore if the xed point set contains a 2-dimensional component it must contain at most one isolated xed point. Therefore (M) = (F ) 3 and a contradiction is achieved.
